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"There are two principalreasons for teaching arithmetic.

-Itis included tn the curricubum because of (a) its ulili-
tarian or practical value, and () its cultural or mental
value®. (Education Department of Victoria, 1944, p.2)

The usefulness of mathematics in solving problems in-
everyday life, work and further study has always been the
justification for giving ita central placein the curriculum.
Asa consequence of these considerations, school thathe-
matics programs in Years 1 -8 have tended to devote most

time and energy to the acquisition of number concepts

and computational skills. Measurementand spatial ideas
have been given a lesser place, although they too are not
intnitively obvious to children and have a crucial role to

_playin analysing and solving problems, particularly those

of a practical nature.
Another basis for the centrality of mathematics in the
school curriculum, and for the importance given to
number and computation in particular, can be traced
back to Plato’s belief that arithmetic trained the mind to
deal with abstractions. The pervasiveness of this beliefhas
meant that the teaching and learning of mathematicshas
tended to evolve with very little regard for the real and
tangible.
Today, the unfortunate realityis thatmany students have
not acquired the knowledge, skills and confidence that
they need to solve practical, real-world problems, or to
pursue further studies in mathematics.
"... although most students are yeasonably proficient
with computational skills, the majority do not under-.
stand many basicmathematical concepts and areunable
to apply the skills they have learned in even simple
fprroblem situations” (Romberg, 1984, p.10)
"The impression thal comes through is that a ol {of
students) get through by rote learning methods to solve a
particular problem and as soons as you ask a question
that requires sume reasonable undersianding of mathe-
matics, over 50% of candidates cannot do it" (Dr. Ken
. Sharpe, Chief Examiner HSC General Maths, 1985)
There have been anumber of significantresponses to this
widely observed phenomena: the Mathematics Curricu-

. lTum and Teaching Program (Lovitt and Clarke, 1988),
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the new Mathematics Courses for the Victorian Certifi-
cate of Education, and "Exploring Mathematics in Class-
rooms” (EMIC), a professional development initiative of
the Victorian Ministry of Education. Their message is
clear: students must be given opportunities to construct
their own knowledge based on understanding, and to
develop the confidence and skills to apply that knowl-
edgein unfamiliar situations. For example, three kinds of
learning activity are seen to underpin the work require-
ments for the new VCE Mathematics Study:

s "Larning and practising skills and applying them

in standard situations,
s solving problems of an unfamiliar and non-stan-

dard kind, and using mathematical modelling as a
tool in applying mathematical knowledge lo real
world problems .
. cawzing out Iexltmde’d;invzlilgat,iv‘e; pr‘ojeci.s :tlsing
situations or issues.” (Jane, 1989)
The foundations for and requirements of such an expec-
tation can be seen schematically in Figure 1.
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In the past, most classrooms have tended to concentrate

on only ONE aspect of this mode}, namely, learning and .

practising skillsand applying themin standard situations,

_or teaching and learning FOR problem solving. The

remaining outcomes were simply assumed to be the
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natural and inevitable consequence of such a focus. In
other words, it was assumed thatif students were trained
rigourously in "the basics", they would be able to solve

problems in adultlife and develop appropriate habits of -

mind. . .

Obviously, such a singular and exclusive focus is no
longer justified. Having the knowledge, skills, processes
and confidence to solve unfamiliar problems and carry
out extended investigative projects cannot be acquired

overnight. All three aspects, teaching and learning FOR, .

ABOUT and THROUGH problem solving, must be in-
cluded simultaneously in the curriculum in a2 manner
and proportion that is appropriate to the background,

_ interests and needsof the students concerned. Proposed

forms of alternative assessment make such an approach a
matter of urgency.

Before examining the implications of this assertion for
the teaching of mathemadcs in Years 1 to 8, we will look
at what problem solving entails.

Two problems

Ablack bag contains a collection of squares, pentagons and
hexagons. Altogether there are 16 shapes in the bag. If there are

77 vertices and 76 diagonals, how many of each shape are tn the

bag? .
Ifyou feel thatyou would like to attempt this task, butyou
are not sure about what you might do, then you have a
problem. If you have no interest in this task, or if you
already have access to a procedure or strategy which you
are confidentwill produce the coirectsolution, then you
do nothave a problem at all. Notice that, kaving a problem
zisavery personal phenomena. Itdependsonwhoyouare,
what you know and how you feel about the task in
question. For example,
Threebags of jelly-snakes, ten snakes in each bag, howmany jelly-
snakes are there altogether? :
This is unlikely to be a problem for anyone reading this
article, butitmay well be a problem fora large number of
children in their firstyear of school, who might well have

an interest in solving this problem, butlack the means to

do it directly.

A problem then, is a task or situation

¢ thatyou want to or need to solve,

¢ thatyou believe you have some reasonable chance of
solving, either individually or in 2 group, but )

¢ for which, you, or the group, have no imm'ediately
available solution strategy.

Because 2 problem is such a personal experience it is

impossible to say thatone task is a problem while another

“is an exercise (a task for which a solution procedure is

immediately available). For example, there isevidence to

suggest that 6)854 is a problem for many grade four

children, while,

Howmany handshakes are possible amongst agroup of 5 people?

is not (Siemon, in preparation). Nor does it make much

sense to talk about good problems. Any problem may be |
rendered good, bad or not a problem, depending on how
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and when it is used, to whom it is addressed and for what
purpose it is being used. .
According to the definition: above, all tasks which are
problems necessitate the solver’s engagement in some
sort of process. Like processor creativewriting, the prob-
lem solving process is directed at achieving a goal and
usually has associated with it, recognisable beginning,
middle and phases. For example, in the shapes problem,
the solver has to retrieve what he or she knows about the
properties of each shape, decide on a plan of action (for
example, guess and check, construct a table, use equa-
tions or draw a diagram), implement the chosen strategy,
evaluate its success, modify subsequent behaviour if
necessary, and finally, communicate findings in a form
that is meaningful to others.
Obviously, the success or otherwise of such.a process
depends on the solver's ability to access and monitor
relevant knowledge and strategies. If a five year old does
not know that "three” names a group of three, cannot
make a group of ten, count reliabily and efficiently, or
recognise the "3 tens” is another name for "thirty”, then
itishighly unlikely that the jelly-snakes problem would be
solved. )
Problem solving occurs when an individual or group
engages in a process, which directs and monitors what is
known and how itis applied in order to achieve a solution
to a problem. Problem solving can be improved by ensur-
ing solvers.
¢ have access to relevant knowledge, skills and strate-
gies.

* recognise and accept responsibility for the problem

solving process, and

* have the confidence necessary to criticaly reflect,
monitor and direct what they know and do during a
problem solving episode.- ) i

Teaching and learning FOR problem solving ensures

accessto the firstof these. Teaching and learning ABOUT

problem solving ensures access to the second, while
teaching and learning THROUGH problem solving
ensures access to the third. The implications of each of
these three approaches for the teaching and learning of
mathematics in years 1 to 8, will now be considered in
more detail. * .

Teaching and learning FOR problem
solving o

Access to relevant knowledge, skills and strategies, can
only be assured if these are established on the basis of
understanding. The Knowledge and strategies used by
children and adults in out-of:school settings (Carraher,
Carraher and Schliemann, 1985; Carraher, 1988) often
reveal more about what children have not learnt and
understood at school than they do about the power and
generalisability of such strategies w a range of other
problem types. Clearly an understanding of numberswill
always be fundamental to learning and using mathemat-
ics, a5 it is a major topic in its own right and underlies all
of the computational procedures. Indeed, if mathemati-
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cal ideas are to be communicated effectively and if con-
cepts and skills are to be taught without confusion, it is
important that the numeration ideaswhich give meaning
to numbers be well established. Place value, regrouping
and renaming are the fundamental concerns of numera-
tion, and misconceptions with these have proven to
represent the largest source of children’s difficulties in
arithmetic (Booker, 1987). Even when a child's errors
appear in addition, subtraction, multiplication or divi-
sion or with decimal fractions, the real source of the
difficulty often lies in an inadequate undersunding of
numeration.

Récently, a more general and more pervasive view of
problem solving has become the focus of the mathemat-
ics syllabus. The use and interpretation of number and
computational procedures that this demands means that
the need for a properly established background of skill
and understanding has become even more essential,

At the same time, the inclusion of particular problem-
solving considerations has diminished the time available
to develop purely arithmetic knowledge. The integration

_ of calculator use from the earliest years might appear to

offset this loss of time by requiring less highly developed
skills but, concurrently, the need for well-understood
processes is greatly increased. Not only the understand-
ing which can direct the use of calculatorsand computers
but also an ability to estimate results, to make approxi-

_ mate calculations and to check answers.

At the same time, the inclusion of par-
ticular problem-solving considerations
has diminished the time available to
develop purely arithmetic knowledge.
The integration of calculator use from
the earliest years might appear to offset
this loss of time by requiring less highly
developed skills but, concurrently, the
need for wellunderstood processes is
greatly increased. Not only the under-
standing which can direct the use of
calculators and computers but also an
ability to estimate results, to make ap-
proximate calculations and to check an-
swers.

Organising this development demands an analysis of the
requirements for each concept and procedure. This has
always been recognised but, in the past, attenton was
largely give solely to the mathematical needs of the task.
The basic-.components of each task were organised and
presented in such a way that before 2 new level was
encountered, each sub-skill had already been met and
learning proceeded from the simple to the more com-
plex. However, while this type of analysis and organisa-
tion is necessary, it is not sufficient. Children do not
simply receive knowledge as it is given and organised;

[

they construct their own meanings for whatis presented.
If the order of presentation does not accord with their
needs as novices, they will easily form misconceptions

related to their individual prior knowledge and under-

standing. Thus; it is necessary in planning the introduc-
tion of number ideasand computationalskills to consider
the underlying mathematical understandings and how
theseare bestdevelopea by children. Materials are needed
to bring out the base ten nature of the number system; a
meaningful language Is needed to name the numbers,
direct the computational proceduresand lead to asystem
of recording numbers and the algorithms that is under-
standable both in terms of the mathematical ideas and
the children's developing mathematical world.

Such an analysis shows that most of the understanding
needed to process and structure the algorithms is drawn
from numeration, that is, the skills and understandings
needed to name, write, process and interpretnumbers. It
is important that children are able to consider numbers
in 2 variety of ways: notjust in terms of the counting with
which number meaning begins, nor even with the system
of place value which governs the construction and com-
putation of numbers, but also with the various ways in
which a number can be renamed. For instance.

537is 5 hundreds 3 tens 7 ones; 5 hundreds 2 tens 17ones
53 tens 7 ones; and 537 ones.

Since a lot ofleaming of number ideas occursinformally,
even before a child reaches school, it is necessary to
consider the order and timing of the introduction of
numeration concepts. Most children will arrive atschool

" with a substantial grasp of counting and the numbers to

ten. If follows that a program limited only to numbers up
to ten will not be very simulating and motivating. Nor will
it restrict the child's number development to these
numbers. Many children will develop their own under-
standing of unumbers to one hundred, but few are likely
to build this on a basis of place value rather than count-
ing. . .

Research (Brooker, 1985) suggests that such an inability
1o see place value as an integral part of numbers larger
than ten is 2 major factor in children's later. computa-
tional errors. Thus, itisimportantto bring the full aspects
of the two-digit numbers to children’s attention soon
after they begin school, once the numbers to ten have
been mastered. In contrast, a lot of the firstyear of school
has traditionally been given to activities which are con-
cerned with logical activities such as ordering, sorting
andclassifying because of a belief that these are necessary

prequisites for the development of number. Recent re-’

search {Clements and Callahan, 1983) has thrown doubt
on this supposition, highlighting the importance of
counting based cognitive tasks instead and revealing the
strong link between logical activities and the develop-
ment of general problem solving abilides.

While other aspects of number have also been intro-
duced at'a later than optimal time, more frequently
number ideas have been introduced too soon, too closely
together or even not at all. It is for these reasons that

_ ¢hildren have experienced difficulties with teen num-

“bers, numbers with internal zeros, large numbers, the
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process of rounding and the use of inequality symbol.
The size of the numbers and their order within the
number sequence might seem an adequate basis for
organising their teaching, but it is even more important
to consider the development from one new idea to the
next, the regularity of the patterns in naming the num-
bers and the difficulties which could arise in recording
and reading them. This has produced a different ge-
quence to that traditionally used but one which experi-
ence has shown to be particularly smoothly effected with
young children (Barry, Booker, Perry and Siemon, 1983-
89). This specific teaching of numeration ideas is a very
necessary aspect of the development of computational
skills, the consolidation of these skills also plays a crucial
part in bringing about a full realisation of numeration.

Often, too little emphasis has been given to the concept
for each operation, restricting the development to only
~ one aspect or expression of the meaning, and focussing
too early on the mastery of basic number combinations
and written recording. While an ability to provide imme-
diate, correct basic facts is crucial to completing compu-
tations, an understanding of what each operation means,
howitis to be interpreted and symbolised and which sort
of action it represents is even more essential to using
mathematics. Children need to be able to make the links
between situations from their own experimental world to
a language that describes the sitvations and symbols
which express it in mathematical terms. The language
used needs to be extended over time to all of the expres-
sions met in real situations that imply a particular opera-
tion as well as the more formal expressions met solely in
mathematical contexts.
When learning basic facts, atiention needs to be paid to
2the strategies by which answers can be obtained and time
needs to bé allocated to those facts which require most

attention. This means that pairs of facts such as'9 and 4'

and '4 and 9' or '8 fives' and '5 threes’ should be learnt
together while subtraction facts should build on known
addtition facts. Division facts should build on known
multiplication facts rather than have two sets of related
facts learnt in isolation. Only those facts that need to be
fearnt should be stressed; thus the tens facts should be
recognized as knowledge acquired in numeration rather
than treated again as if the earlier learning did not exist,
and the twos facts in multiplication should be seen as a
different expression of the doubles facts learnt in addi-
ton. Most importantly, not until children know how to
obtain answers should a stress on obtaining them quickly
be made. If children do not know how to obtain the
answers that the teacher or learning situation (including
games) requires then they must be reduced to guessing
‘or learning by rote.

Onlywhen children have acquired the concept and basic
facts for an operation is it possible to develop the algo-
rithm for larger numbers. This development will be
meaningful if the manner in which materials are used to
introduce the procedures, the language that is formu-
lated to describe their use and the way in which these lead
to the final recorded forms are consistent from the initial
concepts, through the basic facts to the symbolic proce-
dures (see Fig. 2).
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Figure 2

Later, this same processing can be extended to decimal
fractions and common fractions so that we can summa-
rise the addition process as 2 cycle of steps involving:

1. Place value

2, Basic Facls
3. Regrouping

Subtraction, Mulitiplication and Division have a similar
basis. An analysis of the understanding needed to de-
velop computational abilities shows that there are funda-
mentally only two forms of thinking involved in all of the

- operations of arithmetic.

Finally, if should not be forgotten that a stress on calcu-
lator usage, and the approximations to answers that plan-
ning problem solving strategies often demands, will re-
quire a good ability to estimate answers. The mathemat-
icsthatis required today to prepare children for problem
solving requires that they are competent in pencil and
paper, calculator, approximate and mental computation
and, more importantly, feel confident in choosing which
i.? most appropriate to their particular needs in any given
situation. :




Teaching and learning ABOUT problem
solving

While the underlying skills and meanings associated with
number, computation, measurementand geometry are a
necessary basis on which to build problem solving abili-
ties, there are also more general strategies and under-
standings needed which relate to the problem solving
" process per se. Teaching and learning ABOUT problem
solving is needed ‘
e to create an awareness of the act of problem solving,
+ 0 develop mechanisms to access appropriate con-
cepts, skills and strategies, and
* 1o monitorand direct their use in the course of prob-
lem solving. .
Simply providing open-ended tasks, investigations, co-
operative group work and opportunities for problem
solving, while necessary, is not sufficient to ensure that
learning occurs or that appropriate, powerful problem
. solving behaviour will emerge. Approaches which enable
students to recognise and accept responsibility for their
learning and for the problem solving process are also
needed.

An important assumption undérpinning the HB] Mathe-

matics Series (Barry, Booker, Perry and Siemon, 1983-9)
is that mathematical knowledge cannot be simply trans-
mitted; it must be constructed by the learner in relation
" to previous knowledge and experience. While the impor-

tance of this constructive linking activity hasalready been -

emphasised in relation to the concepts, language and
skills associated with numeration and computation, it is
also important in relation to the acquisition of proce-
dural knowldege, that is, knowledge about what to do,
when and how. The ASK-THINK-DO model of the prob-
lem solving process developed for the HBJ Mathematics
Series can be represented similarly.

‘ASK

THINK Do

~—_ "

- and is intended to prompt the same sort of activity, that
is, to encourage students to consciously link theirconcep-

" wal and procedural knowledge by focussing on what is
required, whatisneeded, howitcan beobtained and how
it relates to what is already known. In doing this, the
model draws students attention to the problem solving
process and encourages them to accept responsibility for
directing and monitoring their own problem solving
behaviour. Recent research (Siemon, 1986, 1988) has
established that overt attention to this in the classroom
improves students problem solving performance and
confidence. ’ ‘

8

Applying the ASK-THINK-DO model in
the mathematics classroom
Ultimately, one of the mostimportant aspects of problem
solving is the ability to represent real-world problems in
the form which facilitates the use of the most powerful
strategy available to the solver. Consider the following

problem. ) 5
A farmer had sheep and emus together in a paddock. Ifhe counted

34 heads and 88 legs, how many sheep and how many emus were:
in the paddock? (HBJ 4/123) ST

Afourthgrade child can solve this problem using avariety
of strategies (trial and, error, draw a diagram, make a
model, if ... then reasoning and so on), but we would
expect a student at year 11 to realise that this is one
example of awhole class of problems which can be solved
most powerfully by the use of simultaneous equations.
‘While itis important to identify and accept that children
will bring a range of processing, representing and solu-
tion strategies to any problemand may well be able to "get
the right answer" by "their preferred method”, it is the
function of schooling to demonstrate the limitations and
boundaries of such strategies and to challenge, modify
and extend those strategies. Just because children have
efficient strategies for performing two digit multiplica-
tions in the market place does not mean that they have
effective strategies and to challenge, modify and extend
those stratgies, Just because children have efficient strate-
giesfor dealing with division or the multiplication ofdeci-
mals. -
Translating an unfamiliar problem into a form that is
amenable to the application of mathematical principles
and procedures is a non-trivial task. Krutetskii (1976)
found that successful problem solvers are more likely to
be aware of the structural aspects of a problem. Encour-
aging students 1o ASK gquestions such as

What do I need to find out?

What is the problem asking?

What information is given?

Is there anything else I need to know? .

What do I need to do first? ... next
by modelling such behaviour yourself, listing useful
questions on an ASK THINK-DO problem solving chart, -
consciously discussing the role of such questions with stu-
dent, and encouraging students to write their own ques-
tions, focusses attention on the nature of the task, helps
establish meaning and makes it possible to play an appro-

“

- priate response. The HBJ Mathematics Series considers
" problem type quite overtly and encourages students to

analyse problems in terms of their structural features, for
example, .

Salty wanted to by a chocolate ice-cream, how much change would she
have from 90 eenis? (HBJ 4/26)

Vincu[ﬁm, Volume 27, No. 2 June 1990 -

the difference between 90 cents and the cost of the ice-
cream, But this information is not given and two options

need to be considered in order to completely answer the

question. When confronted wich this problem for the first
time, one group of fourth graders argued vociferously for
twenty minutes that *itwas nol mathematics because it didn't
have one answer® (Siemon, in preparation). Presenting
such problems, discussing them and analysing them in

terms of what questions can be asked, howmany steps are

involved, is there enough information, what needs to be
done and 50 on, helps to develop an awareness of prob-
lem structure and facilitates the adoption of an appropri-
" ate plan. Some anecdotal evidence of this occurred when
agrade 5 boy revisited his grade 4 classroom where he had
participated in the discussion of the ice-cream problem
some 16 months earlier. Seeing me in the classroom he
spontaneously burst out with: “we did one just like the ice:
cream one the other day ... you had to do two answers”.
Encouraging children to THINK about what they know,
what they can do and what they have found useful on
Pprevious occasions, by asking questions such as

What do I need to know?

How can I find out?

What have I done before?

What can I do that might help?

What is my plan? ,
takes them onto the next stage in the problem solving
process. Meaning has been negotiated and goals identi-
fied. Knowledge, skills and strategies now need to be

“accessed and driven purposefully towardsachieving those
goals. The extent to which this is done successfully de-
pends on the solvers access to relevant strategies and
techniques for monitoring his or her behaviour. There s

“now considerable evidence to suggest that these strate-
gies and techniques can be taught (see review by Mayer,
1985; Siemon, in preparation). The HB] Mathematics

Series presents a range of strategies as objects of study.in -
- their own right. Problems are presented verbally usually

in relation 1o some stimulus material such as a coloured

photograph or illustration. The teacher's role in this -

instance is to model the problem solving process and 1o
highlight the use of an appropriate strategy. It is the
teacher's responsibility to ensure that the problem is
understood by asking questions of the type already listed.
Once meaning has been negotiated and -goals agreed
upon, the teacher prompts a consideration of relevant
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strategies, a particular one is agreed upon and is overtly
and consciously discussed in terms of its usefulness and
what it involves. For example, a photograph of the
Moomba Fireworks is used to introduce the problem of
planning a Fireworks Display (HBJ 6/111). The teacher
negotiates the task with the students and helps formulate
questions about what is needed, for example, data on
different types of Fireworks {a Data Sheet is provided in
the Teachers Resource Book or children could invent
their own). Further discussion establishes what sort of

. strategiesmightbe useful, adiagram, working backwards,

recording datz and so on. Strategies are then explored,
discussed, practised and reviewed. The object of the
activity isnot to produce a prescription foran interesting
display although thisisa valuable outcome in itself, but to
demonstrate the power and utility of particular strategies -
quite overtly.

- Encouraging and facilitating children in their attempts

to DO what is required in order to solve a problem
completes the process. Children do not naturally check
their work and need to be prompted to defend, explain
and justify what they have done to others in order to
evaluate the reasonableness of their response. Questions

. such as the following are useful.

Did it work?

Does the answer make sense?

Is there another way I could do it lo make sure?
Hauve I thought of all possibilities?

Often this will necessitate a recycling through the ASK-

THINK-DO phrasesof the problem solving process, Other
techniques whcih support this sort of behaviour include

_ written reports describing what was done and why, post-

ers, displays, oral presentations and problem posing. The
latteris particularly effective asmeans of assessing whether

‘or not problem solving objectives have been achieved. A

technique, whichisreferred toas'Talking Heads' (Siémon,
in preparation), has ben found to be a very useful device
for helping students reflect on their problem solving -
behaviour. A blank circle and aspeech or thought bubble -
is presented alongside a problem or task, Students are

~ required to draw a face in the circle to indicate how they

feel about the task and/or their prerformance and to
record what they did, and howin the bubble. An example
is presented below, | o




Problem solving entails much more than “strategy games
and puzzles”, it is not "2 topic" to be considered in
isolation from the rest of the school mathematics sylla-
bus, or something which takes place only on Friday
. aftermoons, during wet lunchtimes, in “task Centres" or
during "Activity Maths". Problem solving behaviour is
rarely, if ever, absorbed unconsciously fror experience.
Itis acquired by conscious, critical reflection on past and
immediate experience, the focii of which are self, task,
strategy and process. Teaching and learning ABOUT
problem solving can and should be integrated into all
aspects of the school mathematics program (Siemon,
1985). The ASK-THINK-DO model of the problem solv-
ing process can be applied to the following problem:

If the shearers managed o shear 179 of the 368 sheep before
lunch, how many sheep remained to be shorn thai aflernoon?

as effectively as it can be to'any one of the following:

Fred Frog dived into a well that was 12 metres deep. Unfortu-
nately, thewellwas empty. Each day he could only jump 4 melres
up the side of the well. Each night he slid down 2 metyes. How
many days did it take Fred to get out of the well? (HB] 4/119)
Canyourollamarblealong the blackboard ledge as quickly asyou
can hop a distance of 10 metres? (HBJ 4/68)

A 5 metre length of fencing costs $8 and each fence post costs §3.
How much will it cost to make a triangular pen using'9 lengths
of timber? (HBJ 4/123).

Howmanyways can 4 posiage stamps be attached so that they are
joined o at least one edge? (HBJ 6/247)

Should boys between the ages of 5 and 16 be banned from riding -

bikes? (HBJ 6/209). .
Problems such as these provide opportunities to apply
appropriate knowledge, skills and strategies, but more
importantly, they provide opportunities to examine
problem structure and reflect on the problem solving
process. Teaching and learning ABOUT problem solving
empowersstudentstorecognise and acceptresponsibility
for their problem solving by providing them with the
knowledge and techniques to access, monitor and direct
what they know and what they do.

Teaching and learning THROUGH
problem solving

Problem solving may be seen as an end in itself, the
natural focus of learning mathematical skills which are
based on real-life needs and applications. However, this
is only one of the justifications for making problem
solving the centre of activity in school mathematics pro-
grams. Problem solving recontextualises mathematics. It
provides a rich background against which to interpret
meaning, to apply basic ideas, to explore strategies, and

to evaluate personal performance. As such, it is much

more likely to lead to insights into the processes of
mathematical thinking than tradidonal approacheswhich
treat mathematics as a set of isolated procedures to be
learnt more or-less by rote, In other words, new mathe-
matical ideas can grow out of appropriately posed mathe-

10

" numberand the fouro

matical problems. Itisin thissense that mathematcscan
be said to be taught and learnt THROUGH problem
solving. : ’

In early years of primary school, this has always happened.
Stories and problems from the children's environment
are posed o help develop thie concepts associated with
rations. Children'stoys, familiar
objects and events and other more structured materials
are then used to develop a more generalised understand-
ing of the concepis and, eventually, the associated re-
corded forms. A concept is said to be grasped when the

match between story problems, materials and symbols is
- internalised: ’ .

ACTION STORY

MATERIALS —————> SYMBOLS

While the initial learning is arrived at THROUGH prob-

lem solving, it is consolidated, extended and applied by
teaching and learning FOR and ABOUT problem solv-
ing. For example, although the fundamental concepts
associated with addition, subtraction, multiplication and
division are established and linked to words and symbols
through problem solving, their successful application to
more generalised problems depends upon the construc-
tion of standard meanings and processes. Once these
have been established and consolidated through practice
and application to real problems, usually by the later
primary years, the potential for further mathematical
insights through problem solving is restored and new
ideas, which build on these foundations, can emerge.

Unfortunately, this potential is not always realised, as
evidenced by traditional approaches to the teaching and
learning of algebra which do not recognise or begin with

the understandings the child has arrived at after 6 or 7 .

years of schooling. Litdle wonder that children fail to
grasp the significance of the new expressionsin terms of
the more abstract and general thinking processes that
they allow. . )

Algebrainvolves the extension of general solution proce-
dures to identified classes of problems which have essen-
tially the same result. A sequence of expériences which
leads from concrete arithmetic situations to algebriac
generalisations must establish that the use of letters is a
powerful means to express such results. A first use is
simply as labels to identify the objects being examined
and thus grows naturally out of words used to describe
them in a manner analogous to the use of letiers in
measurement, for example, L for length or W for width.
When this has been established and accepted, relation-
ships between the objectswhich have beenidentified and,
labelled can also be expressed using the letters that have
provied the labels, asseen in the general relationship for

~ theareaofarectangle given by A= Lx W. The use of tables

of values to show these relationships can then in tum
suggest more concise ways of expressing the results by
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means of the number which identifies 2 particular entry
(see Fig. 3).

Start Result
2 .10
6 26
12 50
25
7
32

Figure 3, Guess My Numbers (HB] 7/222)

In this way, the use of letters- to express felat.ionships

occurs somewhat naturally and provides the basis for .

using the letters themselves to find and verify patterns
(see Fig. 4)-

s o, ~ N
Troose e * ( Doubleit o o £ aodyaur
anurrber onginal number
R VL

Add5 ) - Dvide™y %
s ° ° . ‘by3 N .

Figure 4. A Number Puzzle (HBJ 7/223)

Only when the development of a generalised arithmetic
has established the need for and power of algebraic
symbols canalgebra be extended toa topicinitsownright
£ and meaningful procedures for manipulating the sym-.
bols be considered. So while the conceptual basis is
arrived at through problem solving, its extension and
consolidation is achieved through a mix of teaching and
learning FOR, ABOUT and THROUGH problem solv-

ing.

Teaching and learning THROUGH prob]em solving can
be a springboard to further learning in geometry and

measurement also. For example:

The clectricity supply to a new housing estate is to be put
underground. The SEC wants lo connect the houses using the
shortest path to minimise cost and power loss. Whatis the shortest
route connecting all houses

e n
a .
a e
a a °
=
-] a a

A shoe manufacturer can produce 10,000 pairs of fashion shoes
permonth. If the company produces shoes in sizes 1 to 12 and in
fittings A, B, G, D and E, how many of eack size and filing

should be produced to minimise waste and maximise profit?
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In the first of these problems, a number of strategies may
be called into play, trial and error, estimate, measure,
experimentand so on. Butitwill become apparentquite -
quickly that there are very many different paths, any one
ofwhic might be the shortest. The solver is then prompted
1o pose further quesitons. Can it be done for fewerhouses
or for houses in a more regular pattern, such as the
vertices of 2 convex polygon? Under what conditions can
-aroute be constructed so that every point is visited once
only and no path is retraced? Questions such as this
identity whatisnotknown and motivate the construction
of new learning. In this case, some aspects of elementary
topology. '

The second problem requires the solver to identify what
information is needed, decide how it could be obtained
and needs to be done with it once it is obtained. The
experience and resultsof such an investigation arebound
to reveal the need for different measures of central
tendency, so prompting a consideration of mode, me-
dian and mean in.more general contexts.

Thus, teaching and learning THROUGH problem solv-
ing is necessary: ’

e 10 practise the application of knowledge and sirate-

gies to unfamiliar problems, situations or issues,

* (o exercise the capacity to critically reflect, monitor
and directwhat is known and done during a problem
solving episode,
to generate links between old and new learning, and
to justify, motivate new learning by revealing what is
known or canot be done. .

such an approach actively engages learners in their own
learning by providing a powerful context in which to
construct and exercise meaning.

Summary
In conclusion, while it has been argued elsewhere that:
*Problem solving can be both medium and message; it can beboth
content and context; and we believe it is at its most effective when

providing the structure for leamning” (Lovitt and Clarke,
1988, p.469)

this implies that only two aspects of the model described

earlier are required to promote probiem solving behav-

iour, namely, teaching and learning ABOUT problem

solving and teaching THROUGH problem solving (see

Fig. 1). But teaching and learning FOR problem isjust as

important and just as necessary to successful problem

solving. Without the appropriate knowledge, skills and

processes, meaning cannot be constructed and problem

solving cannotproceed. While itis undoubtedly true that
the

"most elaborate and extensive loolkit is of Lite use if it remains
unopened” (Lovitt and Clarke, 1988, p. 467)

_itis also true that the most elaborate and extensive set of

keys is of little use if the tool-box is empty.
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_Teaching and leami.ngFORf)roblemsolvingisnceded to

ensure the availability of appropriate knowledge, skills -

andstrategies, builton understanding and exercised with
confidence.

Teaching and learning ABOUT problemsolving isneeded '

10 provide the means to access, monitor and direct what
is known and what can be done.

Teaching and learning THROUGH problem solving is
needed to provide a context for further learning and %
exercise the application of the knowledge, skills and
processes acquired asa résult of the first wo approaches.
Each approach has a vital and critical role to play in the
acquisition of application of mathematical thinkinga¢ all
levels. We simply cannotafford to concentrate onany one
or two at the expense of all three. o ‘
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" Look — if you have frve pocket calculators and I take
two away, how many have you got lefi!”
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